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Inverse problem]—

Recover ugp from y

Noisy observations y = yp + w



Variational approach [Rudin et al., 1992, Chambolle and Lions, 1997

The total (gradient) variation}

V(@) Lsup{ - [ udive| 6 € 2@ R, [l <1} = Dul(R)
R




Variational approach [Rudin et al., 1992, Chambolle and Lions, 1997]

The total (gradient) variation}

TV(u) & sup{ - /2udiv¢‘¢> € CX(R%,R?), ||]lco < 1} = |Du|(R?)
R

Solve

. 1 2
wel2(R2) 21Pu—=yll5 + ATV(u) (PA()




Variational approach [Rudin et al., 1992, Chambolle and Lions, 1997]

The total (gradient) variation}

TV(u) & sup{ - /2udiv¢‘¢> € CX(R%,R?), ||]lco < 1} = |Du|(R?)
R

noisy observations y

Solve

. 1 2
ueTZI(nW) sIIPu—yll5, + ATV (u) (PA(y))




Variational approach [Rudin et al., 1992, Chambolle and Lions, 1997]

The total (gradient) variation}
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Variational approach [Rudin et al., 1992, Chambolle and Lions, 1997]

The total (gradient) variation}
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Analysis of TV reg. from a “sparse recovery” viewpoint]—

e Assume ug is piecewise constant

e Structure-preserving stability results and numerical methods
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Considered problems]

)

e Convergence of solutions of (Px(yo + w)) when A\, w — 0

e Numerical resolution of (Py(y))

unknown im. ug obs. yp = Dup noisy obs. y = yo + w

Use of shape optimization tools]

))

e Stability via second order shape derivatives

e Shape gradient algorithm




Noise robustness:
exact support recovery
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n € Im(®*) C L3(R?)

If n € CL(R2), every solution of (Q(n)) is C3
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Stability via second variation

[ J(E) * Per(E) — [, n with n € CL(R2) ]

,—[Local deformations]—

Behaviour around 0 of the mapping

je : Wh*2(9E) —» R
o = J(Eyp)
with OE, = (Id + ¢ vg)(OE)

Definition

A critical point E of J is said to be strictly stable if

Ve € HY(OE), jE(0).(¢,%) >0




Stability via second variation

[ J(E) * Per(E) — [, n with n € CL(R2) ]

,—[Local deformations]—

Behaviour around 0 of the mapping

je : Wh*2(9E) —» R
o = J(Eyp)
with OE, = (Id + ¢ vg)(OE)

Proposition [Dambrine and Lamboley, 2019]]
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Numerical resolution: a grid-free
conditional gradient approach



Numerical resolution of (Px(y))
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Numerical resolution of (Px(y))

Solve

min - 3[|®u—y[* + ATV(u) (Pr(v))
u€L2(R2)

Fixed grid approximation]—

=YY utg
J

i
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Discretizations of the total variation (images: [Tabti et al., 2018])

Anisotropic Isotropic
o 35 [(Deu)s] + |(Dyu)s] o 5 /(Dxw)? + (Dyu)?
e Sharp edges, grid bias e Blur

State of the art review: [Chambolle and Pock, 2021]
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Numerical representation of simple images

Fixed grid

o O (1/h2) pixels
e O(1/h) “relevant” pixels

e u > TV(u) convex

i

+H
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Numerical representation of simple images

Fixed grid Boundary discretization]—
e O (1/h2) pixels e More compact for simple img.
e O(1/h) “relevant” pixels e Numerically more involved
e u+— TV(u) convex e E+— TV(1lg) “non convex”
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® Uiyl = ok Uk + Bk 1Ek+1

1
Max. ——
Ecr2  P(E) /En‘

s.t. |E| < 400, 0 < P(E) < 400

\

[Bredies and Pikkarainen, 2013]
[Boyd et al., 2017, Denoyelle et al., 2019]
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[ Iterates are linear combinations of indicator functions of simple sets ]
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o = —32"(Quk — ) st.  |E| < +o0, 0 < P(E) < o0

e Ei.1 € Argmax ﬁ |fE nk}
E simple

® Uil =ogU 1
k1 kU + B g p \

e Loc. opt. (a,E) — F(X; ailg;) !mu
0.01

t0.01

[Bredies and Pikkarainen, 2013] - o 0.00

[Boyd et al., 2017, Denoyelle et al., 2019] . oor . i 0.01
0.02

J

[ Iterates are linear combinations of indicator functions of simple sets ]
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Two-step approximation of generalized Cheeger sets

,—[Fixed grid initialization [Carlier et al., zoog]]—

Solve min (nh, u) s.t. TVh(u) <1
uekh

,—[Shape gradient algorithm}

e 0, € Argmax lim % [J((Id + € 0)(E,)) — J (En)]
0co e—0t

o Epir = (Id + ¢, 0,)(En) —

04

. 02 ‘ ‘ '
. ‘ .
. :
3

-0
-0
o

Implementation: github.com/rpetit/PyCheeger 16



Numerical results github.com/rpetit/tvsfw

. O,

Unknown image ug Observations y = ®up + w

17



Numerical results github.com/rpetit/tvsfw

ul'l (before sliding) ull uy — ul! Supp(Dulll), Supp(Duy)

y @@

ul? (before sliding) ul? uy — ul? Supp( DU[Z] ), Supp(Duyg)

ZQOOVI'O

ul?l (before sliding) ubl g — ul? Supp(Dull), Supp(Dug)

2 TR R




Numerical results github.com/rpetit/tvsfw

2

'R 2 )

-2

0.02

0,

: [
1¥e Vo

—0.02

Left to right: observations, signal, ours, isotropic TV, “Condat’'s” TV
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Numerical results github.com/rpetit/tvsfw

Yo Vo Vo Vo

Left to right: observations, signal, ours, isotropic TV, “Condat’'s” TV

——— — —
~— S —
Signal wug Isotropic TV Ours (dx,w)
— E——
(/ o
—_— —_— —_—
Observations “Condat’s” TV Supp(Dup), Supp(Dix,w)
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Perspectives

—[Recovery gual’antees} Recovery of 1D structures?

e Error bounds
e Pre-certificates

e Sufficient identifiability conditions

f—[NumericaI resolution}

e Finite time convergence?

e Robust sliding step (topology changes)
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